Application of stochastic simulation to a uniaxial elongation flow and fiber spinning of polymer melts were investigated. In the numerical simulation of fiber spinning, a one dimensional approximation was employed. The stochastic simulation was performed based on the stochastic differential equation equivalent to the diffusion equation of a probability density for the Doi-Edwards and the Curtiss-Bird models. The stress field was computed from the results of the stochastic simulation. The computation of velocity field was decoupled with that of the stochastic simulation. It was confirmed that the elongation viscosity predicted by the stochastic simulation coincided with that predicted with the differential-approximated Doi-Edwards model. Furthermore, stress growth and temporal change in orientation vectors were successfully predicted. The numerical simulation indicated that the present approach was applicable to the fiber spinning problems and gave useful information relating fluid microstructures such as polymer orientation.
Introduction
The flow analysis considering fluid inner structures is a trend of recent flow analysis of complex fluids. Because the flow-induced structure in a fluid affects both rheological property and flow behavior of complex fluids, it is efficient to analyze the flow-induced structure for elucidating the flow mechanism of complex fluids. Furthermore, in novel material forming processing such as micro polymer processing, the microscopic information is as important as the prediction of the macroscopic flow field. Micro simulation techniques such as the molecular dynamics simulation and the Brownian dynamics simulation are effective for the analysis of the flow-induced structures. Although micro simulations require a huge amount of computational resource, recent progress in the performance of computers realizes micro simulations of flow. However, micro simulations have been applied to relatively simple flows and it is not easy to apply micro simulations to complex flows appeared in practical manufacturing processes.
For the analysis of complex flows, the numerical simulation using a constitutive equation is a commonly used method. Constitutive equations based on dynamics of microscopic structures such as polymers and suspending particles, which is usually described by evolution equations of such structures. Furthermore, statistic averages and some assumptions are introduced to obtain a differential equation that describes the evolution of macroscopic features such as stress and orientation field. Although the use of the constitutive equation reduces necessary computational resources in the numerical analysis of complex fluids, information of micro structures vanishes because of such averages or assumptions in the derivation process of constitutive equations. The stochastic simulation is an approach to simulate the dynamics of micro structures and the statistic average for computing macroscopic features is evaluated by an ensemble average of results of large number of simulations and assumptions need for deriving a constitutive equation in a mathematically closed-form are not required. The stochastic simulation gives information of micro structures and can be coupled with macroscopic flow simulation using a constitutive equation relatively easily. The CONFFESSIT approach [1] is a numerical strategy for the coupling of the stochastic micro simulation of polymer configurations and the macroscopic simulation of flows. Although this approach generally requires much computational resource, it has been applied to analyses of various flow problems [2−9] because macroscopic information such as polymer configuration in a flow is obtained and this feature is advantageous for the simulation of polymeric flows as compared to traditional simulations. We have studied the startup flow of polymeric liquids in a parallel channel with a numerical scheme coupling stochastic simulation and macroscopic flow computation [10] . In this study, it is obtained that this approach is applicable for unsteady polymer flow and that the stochastic simulation is relatively stable at high Weissenberg numbers.
In the present study, we consider flows relating fiber spinning. Numerical analyses of fiber spinning have been carried out by many researchers and obtained considerable useful knowledge [11, 12] . Numerical simulation of fiber spinning of complex fluids is still a challenging problem, and for example recently phenomena relating change in fluid inner structures such as flow-induced crystallization have been numerically studied [13] . In processing of value-added fibers, the fluid inner structures such as molecular orientation and the distribution of suspending particles are important information for the improvement of quality of the products. Consequently we examine both the effectiveness and the capability of the numerical simulation using a stochastic approach for fiber spinning problems. In the present paper, we numerically simulate uniaxial elongation flows of viscoelastic fluids with a stochastic approach. We consider two types of elongation flows, i.e. uniaxial elongation flows with a constant elongation rate and approximated fiber spinning flows. In the simulation of the former case, elongation rheological properties are investigated, and in the simulation of the latter case, the fiber spinning flow is approximated by a one dimensional elongation flow with the elongation rates that varies with a position along a filament and numerical simulations with the stochastic approach are performed.
Theory

1 Stochastic formulation
The Doi-Edwards (DE) model [14−17] and the Curtiss-Bird (CB) model [18] are derived from the reptation concept, and are based on the diffusion equation of a probability density f (u, s , t) of finding a link at position s along the polymer chain having orientation u at time t:
where u is a unit vector and s is a number between 0 and 1, and λ is a characteristic time constant. The velocity gradient tensor L is defined by (∇v) T , where v is the velocity vector.
Eq (2) denotes the boundary conditions for s = 0 and s = 1 supplementing the diffusion equation (1) . The stress tensor τ τ for the CB model is calculated by the following equation:
where n is the number density of beads, N is the number of beads in a polymer chain, kB is the Boltzmann constant, T is the absolute temperature, and I is the unit tensor. ε l is link tension coefficient having a value between 0 and 1, which characterizes anisotropic frictional properties of the polymer chains in a melt. When εl = 0, this model reduces to the DE model. The bracket <·> denotes the average with respect to the probability function f (u, s, t).
The diffusion equation (1) can be transformed into the following stochastic differential equations [1] :
where W is the Wiener process. Furthermore, Eqs (4) and (5) are discretized as follows [1] :
λ where the subscript i means the value at the ith time step. Δt is the time interval. Wi is a random number generated from a Gaussian distribution with unit variance and zero mean. In the computation of Eq (7), "naive algorithm" [1] is adopted to keep the value of s within the interval [0, 1]. One needs to evaluate averages such as < uu > and < s ( 1 − s ) uuuu > to calculate the stress tensor τ τ. In the present computation, the stochastic differential equations are solved for a large number of samples (trajectories) and the average <·> is evaluated by an ensemble average of their results:
where i means the results of the ith trajectory of stochastic calculations and NT is the number of total trajectories. In addition, the stress tensor is denoted by τ τ = τ τ
(1) + εlτ τ (2) using the following two terms:
The first term, Eq (9), represents the stress tensor for the DE model and the second one, Eq (10), indicates the contribution of the CB model. In the present paper, physical quantities are scaled as follows:
and τ τ * = τ τ / (nNkBT). Symbols with an asterisk indicate dimensionless variables.
2 Elongation flows
We consider uniaxial elongation flows, which relate flows in fiber spinning. In fiber spinning, a material fluid undergoes stretch-dominate deformation. Especially when the filament is sufficiently thin, the flow can be considered to be approximately one dimensional and the deformation of fluid element can be approximated by a uniaxial elongation along the streamline. In practice, this approximation is proper except for the flow near the die or spinneret. Thus, it is appropriate to simulate the uniaxial elongation flow using the stochastic approach for the investigation of the capability of this approach to the numerical simulation of fiber-spinning. In addition, one can measure the availability of information of microstructures such as polymer orientation in a filament. Although the fiber spinning process is basically non-isotropic, we consider isothermal incompressible flows for simplicity in the present study.
Firstly we consider the uniaxial elongation flow at a constant elongation rate to investigate rheological properties of CB fluids and to confirm the characteristics of the stochastic approach. For the uniaxial elongation flow in the x1 direction of the Cartesian coordinate (x1, x2, x3), the velocity gradient tensor L is given by
where ε˙is the elongation rate. The equation derived by substituting Eq (11) into Eq (6) is solved together with Eq (7). For the uniaxial elongation flow, the first normal stress difference, τ τ 11 − τ τ 22 , and the uniaxial elongation viscosity, ηE, are expressed as follows:
τ11−τ22 τ11
ηE ≡ ⎯⎯⎯ = ⎯⎯⎯⎯ + εl ⎯⎯⎯⎯ ≡ηE (1) +εlηE (2) , (13) ε˙ε˙ε˙W e next considered an elongation flow relating fiber spinning following Larson [19] , who has numerically simulated an isothermal fiber spinning problem with the DE model. Assuming that the flow is one dimensional, Larson simplified the problem and proposed a numerical scheme for computations of isothermal fiber spinning. In this numerical scheme, tension applied to a filament is considered to be constant along the filament. Under some approximations, the problem of fiber spinning reduces to a problem to find a velocity distribution along the filament [20] . Schematic diagram of the one dimensional approximation of fiber spinning is illustrated in Fig. 1 .
Larson indicated that the velocity distribution for the DE model almost exactly agreed with the counterpart for the corotational Maxwell (CRM) model [19] . The velocity distribution is described by
where v * (x1 * ) is the dimensionless velocity in the flow direction at the dimensionless position x1 * . Here dimensional velocity v(x1) and dimensional position x1 are scaled by v * = vλF/(qη 0 ) and
, where F is the drawing force applied to a filament, q is the mass flow rate, and η0 is the representative viscosity defined by λnNkBT. Consequently, the dimensionless elongation rate is represented by ∂v * /∂x1 * =λε.
The constant C is determined as it satisfies the following equation:
where x1 * =0 indicates the upstream boundary of a filament.
The velocity v * (0) is usually small. When x1 * is given, v * (x1 * )
is obtained and hence the elongation rate ε˙*(x1 * ) can be evaluated.
In the present problem, we numerically simulate the uniaxial elongation flow with the elongation rate that varies with x1 * following Eq (14) . This is equivalent to the elongation flow with the elongation rate that varies with Lagrangian time along the streamline. As for the boundary condition, the fluid is in a random state and the initial velocity v * (0) is given at the upstream end of the filament.
We investigate the effects of v * (0) on stress and orientation fields. Because it is confirmed [19] that the velocity distribution for the DE model agrees with that for the CRM model, we do not compute the velocity distribution by coupling with the computation of stress tensor but compute the velocity distribution according to Eq (14) . Although the distribution for the CB model (εl ≠ 0) deviates from that computed from Eq (14), we carry out the simulation based on the velocity distribution for the DE model to focus on the investigation of the capability of stochastic simulation. The stochastic simulation is performed in the same method as that for a steady uniaxial flow except that the elongation rate changes with position.
Results and Discussion
1 Steady uniaxial elongation flow
We firstly show the results of startup uniaxial elongation flows at constant elongation rates. The fluid is initially at rest and begins to flow at t * =0. The computation is carried out until the flow reaches a steady state. In the present simulation, the time interval Δt * is 0.0001 the number of trajectory NT is 50000, which are determined by preliminary runs, and the elongation rate λε is varied as λε = 0.5, 1, 5, 10, and 30. Figure 2 shows the steady uniaxial elongation viscosity of the CB model. In this figure, ηE (1) , ηE (2) , and ηE for εl = 0.5 are plotted. ηE (1) corresponds to the elongation viscosity of the DE model (εl = 0). The elongation viscosity of the CB model shows stretch-thinning property, which is observed for polymer melts such as LDPE and HDPE at relatively high elongation rates [21] . The predictions of ηE (1) coincide with the predictions with both the integral and the differential-approximated versions of DE model [22] and hence the validity of the present numerical scheme is confirmed. Figure 3 shows the growth of the normal stress difference τ11 * −τ22 * for the CB model with εl = 0.5 at λε = 1, 5, and 10.
The stress rapidly grows just after the startup of flow and reaches a steady value even though it has unavoidable noise due to stochastic simulation. At larger λε, the stress reaches the steady value faster and the value is higher. Here we consider the behavior of (τ11 (1) Fig. 2 Steady uniaxial elongation viscosity ηE of the Curtiss-Bird model at εl = 0.5, and contributions ηE (1) and ηE (2) , which are defined by ηE = ηE (1) + εl ηE (2) . combination of them. Figure 4 separately plots the growth of the normal stress differences (τ11 (1) −τ22 (1) ) * and (τ11 (2) −τ22 (2) ) * at five elongation rates. In both cases in Fig.4a and Fig. 4b , we can see similar stress growth as that of τ11 * − τ22 * , i.e. rapid growth just after the startup and following gradual growth. That is, the effects of each term are qualitatively similar in the uniaxial elongation startup flow.
Next, we investigate the orientation field of polymers. It is an advantage of the present approach that information of fluid inner structures is obtained. Figure 5 plots the transient change in <u 1> at λε = 0.5, 1, 5, 10 and 30. Here, <u1> is the average of the x1 component of the unit vector u, which indicates the direction of polymer chain, and the head of u and the tail of u are not distinguished, e.g. u = (1, 0, 0) is equivalent to u = (−1, 0, 0). Consequently, when the average polymer direction tends to orient the flow direction, <u1> approaches unity. At each elongation rate, polymer chains are quickly aligned in the flow direction just after the startup of flow owing to the elongation and hence the stress increases in response to this phenomenon. After that, the average direction gradually approaches a steady state direction. The value of <u1> is larger for larger elongation rates and this result indicates that polymers are aligned well in the flow direction at high elongation rates.
2 One dimensional fiber spinning problem
We next consider the one dimensional approximation of fiber spinning at a constant drawing force [19] . As mentioned in the previous section, the flow is approximated by one dimensional elongation flow, and the velocity distribution along a streamline is approximated by that of the CRM model. The elongation rate varies along the streamline and the uniaxial elongation flow with the elongation rate varied with position. Fig. 4 Growth of non-dimensional first normal stress differences with dimensionless time t/λ at five dimensionless elongation rates λε : (a) (τ11 (1) −τ22 (1) ) / (nNkBT) and (b) (τ11 (2) − τ22 (2) ) / (nNkBT). stochastic simulation is performed based on these velocity profiles. In fiber spinning, the draw ratio DR defined as the ratio of the initial to the final cross sectional area of the filament is an important factor that characterizes the process condition. The draw ratio can be evaluated from the results in Fig. 6 as DR = v(x1 * )/v * (0) because of the mass reservation for incompressible fluids. In the present study, the draw ratio is not discussed any further. Figure 7 shows the distribution of normal stress difference τ11 * − τ22 * along a filament for the CB model with εl = 0. applies to plots in Figs. 8 and 9, which appear later. For each v * (0), the stress gradually grows along the filament in the upstream region and rapidly grows around a position where the elongation rate rapidly increases. It is useful for the analysis of the stress behavior to investigate the behavior of (τ11 (1) −τ22 (1) ) * and (τ11 (2) −τ22 (2) ) * . The distributions of (τ11 (1) −τ22 (1) ) * and (τ11 (2) − τ22 (2) ) * are separately plotted in Fig. 8 Fig. 8b , the rapid growth in τ11 * − τ22 * originates in the behavior of the additional term for the CB model. Figure 9 shows the distribution of <u1> along the filament at v * (0)=0.05, 0.1, 0.3, and 0.5. The value of <u1> approaches 1 as x1 * increases, i.e. molecules tend to be aligned in the flow direction. Similarly to the results in the normal stress difference, <u1> at larger v * (0) increases faster.
In the uniaxial elongation flow at a constant elongation rate, <u1> reaches a steady state value, while in fiber spinning flows it changes along the streamline because the elongation rate changes with x 1 * , in other words, the flow is unsteady in the Lagrangian sense. Slight fluctuations are observed in the results. However, the computation is stable even at positions relatively large x1 * , i.e. near the downstream end of filament, where the change in the elongation rate is very quick. Consequently, the stochastic simulation is applicable for unsteady flow problems that show rapid change in flow conditions. In the present simulation, the noise in stochastic simulation does not affect the stability of computation because the computation of velocity field is decoupled with the stochastic simulation. However, it may become an issue in a full coupling simulation and should be investigated in future studies.
Conclusion
We applied the stochastic simulation technique to numerical simulation of one dimensional approximated fiber spinning flow of polymeric fluids and investigated the applicability of the stochastic simulation to the finer spinning problem. The stochastic simulation was performed based on the stochastic differential equation equivalent to the diffusion equation for the Doi-Edwards and the CurtissBird models. The results of numerical simulation indicate that the present approach is applicable for the fiber spinning problem and gives useful information of fluid inner structures such as polymer orientation. In the presents study, the computation of velocity field is decoupled with the stochastic simulation. However, in principle, it is possible to perform a numerical simulation by coupling the computation of velocity field and the stochastic simulation in the same way employed in Ref [19] . Although noise unavoidable in the stochastic simulation exists, the stochastic simulation itself is stable and this characteristic is advantageous for numerical simulation of flows that appear in practical manufacturing processing. To avoid ill effects of noises is a remaining problem for a full coupling computation.
Furthermore, the numerical simulation coupling the macroscopic flow computation with the stochastic simulation is applicable for the numerical flow analysis such as three-dimensional fiber spinning and coating flows using the Protean coordinate system [23] , in which strain history is computed along a streamline and the stochastic simulation can be applied to this computation. In principle, the present approach can be applied to flows of other complex fluids such as suspension of particles, which relates nanocomposites and functional fibers and so on, if one obtains a stochastic differential equation of kinematics of fluid inner structures.
